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The classical soliton solution, quantized by means of suitable transla- 

tional and rotational collective coordinates, is embedded into the one-particle 

"^ ! irreductible representation of the Poincare group corresponding to a definite 

Q^ \ spin. It is shown, that within the conventional quasiclassical expansion such 

embedding leads to a set of nontrivial consistency conditions imposed on the 

Ch ' classical solution. The validity of these relations is considered for a number of 

i_^ ■ soliton models in 2+1- and 3+1-dimensions. 
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Solitons with spin play an essential role in describing extended parti- 
cles, such as baryons in the soliton skyrmeon models in 3+1-dimensional 
00 ; spacetime [|Ij, and anyons with fractional spin and statistics in the planar 
O '• case [j2[ . Within the framework of the quasiclassical soliton quantization 
(3 ■ it is assumed usually, that the spherically non-symmetric classical soliton 
^ ■ solution acquires the spin by introducing suitable rotational collective co- 
ordinates [^. Such procedure restores the broken rotational symmetry by 
, cancellation of corresponding zero modes and yields states with physical 
<U ! quantum numbers of the total angular momentum operators. In the pla- 



X 



nar case, such procedure has been studied in ref. [Ij. In 3+1-dimensions 
a typical example of such kind gives the recent development of skyrmeon 
baryon model (see refs. []5j] and references therein). However, in the lorentz- 
covariant theory the consistent interpretation of the resulting ground state 
as an extended particle with a spin should be more restrictive. Namely, 
it requires the fulfillment of the one-particle irreductible representation of 
the Poincare group corresponding to the same spin and mass [^. 

In the present paper, we give an analysis of such embedding for the 
soliton, quantized by means of translational and rotational collective co- 
ordinates, into corresponding representation of the Poincare group. The 
result is that the consistency of this embedding is provided by an addi- 
tional set of nontrivial integral relations imposed on the classical soliton 
solution. These conditions do not be automatically consistent with the 
equations of motion and so yield some superselection rules for the classical 
solution to be interpreted as a spinning particle upon quantization. We 
show also that the typical hedgehog-type classical configurations of the 
chiral a-models satisfy these conditions independently of the choice of the 
shape of the chiral angle, both in 2+1- and 3+1-spacetimes. 



As a first step, we consider a nonlinear scalar field in 3 spatial dimen- 
sions, described by the Lagrangean density 

/: = l{d,^f-u{cp), (1) 

which possesses a static sohton solution 

(Pc{x) = u{x). (2) 

According to the virial theorem, such solutions are unstable in more then 
one spatial dimension, but for our purposes it is not so important compared 
to simplicity of presentation. The angular momenta J* and Lorentz boosts 
K^ are given by 

J' = j dx e^jk x^ T^^ = j dx e^jk Xj dk^p tt. (3) 

K' = Jdx {x^T^ - x'T^^) = x^P' - j dxx' n, (4) 

In these expressions T'^^ is the energy-momentum tensor, P"^ = J dx T*^ 
are the spatial momenta, H = T^^ = 7T(p — jC{(p) is the Hamiltonian density 
and TT = djC/dif is the canonical field momentum. 

Quantization of the soliton sector in the neighborhood of the classical 
solution (g) proceeds within the canonical collective coordinate framework 
[|7|. For our purposes it is convenient to consider the field <-p{x) in the 
Schrodinger picture. The substitution, introducing translational and rota- 
tional collective coordinates, reads 

if{x) = u {R-\c){x-q)) + $ {R-\c){x-q)) , (5) 

where $ is the meson field, R{c) is the rotation matrix, q and c are the 
translational and rotational collective coordinates correspondingly. 

For the rotation group we use the vector-parametrization [^, when 
the rotation matrix R{c) is represented as 

r.r^ . nC^'+c''^ l-c2 + 2c^+2c-C ,, 

R{^ = l + 2 = -— ^ , 6 

1 + c^ 1 + c"^ 

where c^^ = SadbCd, (c • c)^^ = CaCb, c^ = cc. The composition law for vector- 
parameters, corresponding to product of rotations R{a) R{b) = R{c), is 
given by 

/^ - a + b + a xb .. 

c = (a, 0) = ^ — , (7) 

1 — a b 



what is the simplest group composition law after the abelian one p . The 
generators of infinitesimal rotations are 



— * — # 

while the finite rotations U{d), defined so that U^{a) b U{a) = (a, 6), take 
the form 

U{a) = exp|-2za5}. (9) 

Returning to the decomposition (0), one finds that the total momen- 
tum of the field is now represented as 

P=-4, (10) 

and the total angular momentum is equal to 

J = L + S, (11) 

where L = q x P is the orbital momentum and the spin S is defined by 
eq.(g). 

The gauge fixing conditions, preserving the total number of degrees of 
freedom, are chosen in the conventional form as linear constraints imposed 
on the meson field $(^) []7| 

JdyN^''\y)^y) = 0. (12) 

The set {N''°'\y)} should ensure the cancellation of the zero-frequency 
modes from the mesonic spectrum and is defined as follows. In the gen- 
eral case, the spherically non-symmetric classical solution u{x) yields three 
translational zero modes 

^.(f) = diu{x), (13) 

and three rotational 

/,(f) = £ijkXjdku{x). (14) 

Let us denote M^"\y) = {ipi{y), fi{y)}- Then N^"\y) are given by linear 
combinations of M^^\y) subject of relations 

ly N^^\y) M^P\y) = 5^p. (15) 



The crucial point here is that, under very general conditions in the lorentz- 
covariant field theory described by the Lagrangean (|I]) the system of zero- 
frequency modes is orthogonal [0], namely 



jdim)^AO = M%, (16) 

Jd^UOm) = 0, (17) 

I dUSf jiO = % = ^z^z, , (18) 

where M is the mass and Qij are the moments of inertia of the classical 
solution, so one immediately gets 



Now let us briefly discuss the corresponding transformation of the 
canonical momentum 7t{x). In the Schrodinger picture, it is calculated as 
a composite derivative 

, .6 dc I . d\ , , 

5(p{x) d(p{x) \ dcj 



d(p{x) \ dqj J 6(p{x) \ S^{y) 

Here it should be noted, that in this approach the resulting expression for 

7t{x) is not explicitly hermitian, since one has to take into account the 

change in the functional measure after introducing the collective variables 

pXlj . However, these effects are of essentially quantum origin and therefore 



lye beyond the leading quasiclassical approximation, which will be used 
below. 

Now, calculating from eq.([T2|) the derivatives dq/d(p{x) and dc/d(p{x) 
and taking account of the orthogonahty conditions (|TB1-|T8|), one gets the fol- 
lowing lowest-order contribution to 7t{x) from collective degrees of freedom 
(for details see ref.0]) 

7r(f) = -m) R^{^ § - MO ^7k Rki\^ Si, (21) 



In eg . ([2T]) ^ = R ^{c){x — q), P and S are the momentum and the spin of 



the field defined earlier, and the contributions to 7r(x) from the meson field 
and momentum are completely neglected. So the expression ([2T]) should 



be identified indeed with the canonical momentum of the soliton field in 
the leading quasiclassical approximation. 

Now we put the quasiclassical soliton field u{R^^{x—q)) and its canon- 
ical momentum defined in eq.( PTl) into corresponding Noether expressions 
for Lorentz generators (3,4) and demand for their coincidence with the 
corresponding one-particle representation of the Poincare group with the 
same mass M and spin S. It means, that the Lorentz generators J'^^ should 
take the form [^ 

J' = e,jkq'P' + S\ (22) 

K' = q'P' - q'P' - t, f. • (23) 

Firstly, it is a trivial task to verify, that inserting into eq.(3) the soliton 
operators, one gets identically the eg . ([2^ ) , provided by the orthogonality 
conditions ([TC| -|T^)- Actually, this result reflects the relation ([TT]) for the 



total angular momentum, which is the direct consequence of the group 

j_-__ • 1 ]_J :__j__ j_i_ _ •__:j_-_i /[n\ ] j_i r i__ij_ i?___ _n ] 



Applying the same procedure to the Lorentz boost operators (g), in 
the first step we note, that the term 

jd^C [\0nf + U{n)yO 

can be always cancelled by a spatial translation, what means that the center 
of mass of the classical soliton is fixed at the origin in the ,^-reference frame. 
So we obtain 

K^ = x'P^ - q^P' - I d^R^^^j ^rc'iO- (24) 

Inserting the expression (21) into eq.(24), we get further 

K' = x^P'-q'P^- 

-{^llRi^S^){R-J^)R,, I d^^, MO MO (25) 

-^{n,lRi-J,s^){n;,}R;,'Sr)R.j I d^O fkii) UO 

-\{RHJ^){Rnl^^)R^JjdiO MO MO' 

Now let us take into account, that when in the initial decomposition 
(5) the classical solution is taken as a static sohton u{0^ the resulting the- 
ory turns out to be essentally non-relativistic, what results, in particular, 
in the lowest-order soliton Hamiltonian of the form 

H = M + P^/2M + quantum corrections. 

So by equating the soliton boost operator ( P5|) to corresponding operator 
of the spinning particle given by eq. ( P3| ) we have to use in the latter the 
non-relativistic approximation too and replace P^ by M to the leading 
order. Then the final result is the following set of subsidiary conditions 
imposed on u{x) 

(26) 
(27) 

(28) 

These relations can be understood as a criterion of "particle-likeness" 
for the classical soliton field, describing a spinning particle. It should be 
noted, that whereas the orthogonality conditions (16-18) are valid for any 
static classical solution due to the general properties of lorentz-covariance 

nnrl er> nrp> mifomflf ipnll-^T- poneiefprif axt-HVi pminfinriG of mofion iQl fVip rp>- 



dU^MOMO = 


0, 


'd^^.fSfkiO = 


0, 


d^^^MOfkiO = 


-£ijl Qik 



and (18) are the direct consequences from eqs.(26) and (28) correspond- 
ingly. Moreover, there might exist a static solution u{x), that describes a 
two-soliton configuration and so cannot be consistent with the one-particle 
representation of the Poincare group. In this case the relations (26-28) 
obviously do not hold. 

On account of these general considerations we show now that the 
typical hedgehog configurations of nonlinear cr-models describe spinning 
particles independently of the profile of their chiral angles. In two spatial 
dimensions, we consider the 0(3) cr-model, described by the Lagrangean 
density 

jC = ^a,.(/p«5'V" (29) 

with subsidiary condition 

(/?V° = 1. (30) 

This theory is a planar analog of the Skyrme model and is hoped to re- 
veal the fractional spin and statistics after adding the Hopf term [j2|, jTIj . 
The standard one-particle solution of the model is given by the "baby- 
hedgehog" Ansatz [jT^ 

cp^ = (f){r) coswd, cp'^ = 0(r) sinn'd, cp^ = {I — 0^) , (31) 

where r, 'd are polar coordinates and 

Aj.n 

^(O - ;5;r^ ■ (32) 

and describes the " baby-skyrmeon" configuration with the topological charge 
Q = n and the mass M = iirQ. In the case of 2 spatial dimensions we 
have two translational i/j'^ = dicp"', {i = 1, 2) and only one rotational 
/" = £ij ^idjip^ zero modes for each isospin component (f^ . The relations 
([251 -P8|) take now the form 



dH.i^^iOrkiO = 0, (33) 

J d^^. no no = 0, (34) 

dH^i^]iOnO = ^^u^, (35) 



where 



oo 



^ = JdU^Oni) = 27Tn'Jrdr c^\r). (36) 



It is easy to verify, that the straightforward substitution of eqs.(^) into 
the relations (|33| -P51) leads to eg . (|3^ ) as the consistency condition. Thus, 



/oi \ ]_ J__ J_l_ _ • 1 J_-_l-- i?_. 



In 3+1-dimensional spacetime, we consider the 5'[/(2)-Skyrme model 
described by the Lagrangean 



C 



-\trLl + j^tr[L,L,]^ 



(37) 



where, as usually, L, 



u-%u 



is the left chiral current and U 



exp{iTa4>a} is the chiral field ( Tq are Pauli matrices). In terms of three 
independent fields 0a the expression (^7|) can be rewritten as [|T3 

1 



C 



(j)aMab{(j))(l)b-V{(f)), 



(38) 



where 

Mabi$) = 



^a(l)b , sin 101 

-72 + I .,■?. I ^ab 



X 



+ 



M' ' 101' V 101' 

1 " / 

{d,(j)cd,(j)c)(l)a(j)b + o^zl^r 

sin'^l^l 



+ 



'sin^|0| sin^|0f 



i^r 



m 



2 

zdi(j)c)5ab 



dt\(t)\^Sab - 



1^.,.2 



a 
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i^z06 



101' 
5z(0a06) 



X 



(39) 



VW = \ 



lil 



^(^^ajj - 7^Jl^J) 



(40) 



and jij is given by 
1 



sin^|0| 



dMfdMf + 



sin^|0| 



(9, 



lYc'^j'rc) 



From the Lagrangean ( |3^ ) we find the Hamiltonian density 

'H = \^aM^\$)nt, + V{$), 



(41) 



where the canonical field momentum is tt^ = Mab{4>) 4>b- (Since the Skyrme 
model is non-renormalizable, our treatment of the model should be essen- 
tially quasiclassical and so doesn't take care of the operator ordering.) 

The treatment of the Skyrme model differs from the theories con- 
sidered below in that point, that it contains terms of the 4th order in 
derivatives. As a result, all the scalar products of the model, in particular, 
the orthogonality conditions ([T^-[TB|) in the vicinity of the static classical 
solution 0c (0 acquire a nontrivial integration measure. It is easy to 
verify, that for the Lagrangean (^) the weight function in the integration 
measure is Mab{4>c{^)) ■ Namely, the general form of the orthogonality 
conditions for translational modes can be written as [9] 



f)r[rh\ 



The straightforward substitution of the Lagrangean (|35| ) in this expression 
gives 






With minor modifications this result can be extended to other relations 
between translational and rotational zero modes, i.e. the orthogonality 
conditions take now the form 

Jd^m)Mab{MO)i^'iO = M6,j, (42) 

jdir^{i)Mabmi))f^{i) = o, (43) 

J dUm MabiMO) fjii) = % = ^^S^J. (44) 

In a more general approach, the weight function for the scalar product 
of zero modes in the Skyrme model can be determined through the small 
fluctuations equation, although the complete treatment of the fluctuation 
spectrum should be ambiguous due to non-renormalizabilty of the model. 
The corresponding linearized equation, in the neighborhood of the static 
classical solution 0c(a^), takes the form 

MabiM^)) d1^b{x,t) = Kab{(t>c{x),d) Mx,t), (45) 

where A^^ = A^^. From the latter property of A^;, it is easy to verify by 
conventional methods, that the scalar product for eigenfunctions of the 
corresponding spectral problem should be taken indeed in the form 



Now, using the same reasoning as by derivation of relations (^§-|2^) 



we get the following set of "particle- likeness" conditions for the classical 
solutions in the Skyrme model 

Jd^^^i^Jii)MabiMO)i^liO = 0, (46) 

j dU, ^^{i) M,,{Ui)) ft{i) = 0, (47) 

jdU^r,{i)M,,{Ui))ft{i) = \e^Jl^lk. (48) 

where the moments of inertia of the classical configuration are defined in 
([44|) . Now we verify the eqs. (46-48) for the standard hedgehog configura- 



tion 

(t)a = -(t>{r) = na(t){r). (49) 

r 



_ i_ : 



where fi{r) and f2{r) are given by 

.2 





Mr) = 

Mr) = 1-^(1 -i(2^^-smV) + /j. 

For this configuration the integrals in the l.h.s. of eqs.(^) and ( fn\) vanish 
exactly provided by the symmetry properties of the Ansatz (49). Further, 
after some algebra the l.h.s of eg. (|48|) yields 



Jdi^, r,{i) Mat fkii) = y%fc Jr'dr (l)\r)h{r), (51) 

while 

n,, = —6,,lr'drcl)''{r)Mr). (52) 

So we obtain, that the conditions of particle-likeness (|45| -^) for the hedge- 



hog configuration are satisfied in 3 spatial dimensions as well, and once 
more it holds independently of the profile of the function 0(r) . Thus, 
the soliton (^) of the <S'[/(2)-Skyrme model might be embedded into the 
irreductible representation of the Poincare group for the particle with spin 
without any restrictions on the shape of the chiral angle. 

To conclude let us mention, that the present analysis can be easily 
extended to other soliton models including vector fields, etc. On the other 
hand, the relations (26-28), being independent of equations of motion, can 
play an essential role of additional constraints in approximate calculations 
as well. For example, they can be explored as a test for various sample 
functions, used in describing the shape of the skyrmeon [1,5]. Concerning 
the Skyrme model, our analysis is consistent with the well-known result 
[5,14], that the spin of S'[/(2)-skyrmeon can be arbitrary. The results of 
application of the present analysis to the S'[/(3)-skyrmeons with the half- 
odd spin will be reported separately. 

This work is supported in part by Russian Universities Scientific Pro- 
gram. 
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